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We describethe quasitriangularstructure(universalR-matrix) on the nonstandardquan-
tumgroup Uq(Hi, H

2, X±)associatedto theAlexander—Conwaymatrixsolutionof theYang—
Baxterequation.We show that this Hopf algebrais connectedwith the super-Hopfalgebra
Uqgl (lii) by a generalprocessof superization.
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1. Introduction

Oftentheterm quantumgroupis associatedwith thequantumalgebrasUqg of
Drinfeld andJimbo, but the theoryof quasitriangularHopfalgebras(quantum
groups)coversothernon-standardexamples.New quantumgroupscan be gen-
eratedwith the quantumdoubleconstructionof Drinfeld [1] or the FRT ap-
proach[2], thoughit is not believedthat all knownquantumgroupsfollow nec-
essarilyfrom one of thesetwo methods.Sinceonly theFRT constructionwill be
of our concernherewe refer to it briefly. To anystandardmatrix solutionR of
theQuantumYang—BaxterEquation(QYBE), theFRT approachassociatestwo
bialgebrasA(R) of “function algebra”typeandU(R) of “envelopingalgebra”
type that undercertainconditionscan leadto a Hopf algebraanda quantum
group.This wasdonein the pioneeringwork of ref. [21 providing in thisway a
matrix descriptionof the standardUqg. However,the constructionis far more
generalas wasshownin ref. [31.In this referenceit is establishedthat for quite
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generalsolutionsR it is possibleto makeA(R) formally into aHopfalgebraand
that theresultingquantumgroupof envelopingalgebratype is necessarilyquasi-
triangular, i.e., possessesa “universalR-matrix”. This indicatesthat the FRT
constructioncanbeextendedto alargeclassofnew quantumgroupssincemany
“non-standard”solutionsR areknown.

Herewedevelopanexampleofthistype.We studytheHopfalgebraU= Uq (H1,
H2, X~)associatedto the non-standardsolution

qO 0 0

R= ~ (1)

0 0 0 —q’

of the matrix QYBE R,2R,3R23=R23R,3R,2.This solution gives rise to the
Alexander—Conway(AC) knotpolynomial [4] andwasfirst foundin the context
of statisticalmechanics(q-statevertexmodel) in ref. [5]. Althoughtherelevant
newHopfalgebrastructureUq (H,, H2,X±)associatedto thisAlexander—Conway
solutionwascomputedin ref. [61thequestionsof universalR-matrixandsuper-
izationwere left open.Thesetwo problemsaresolvedhere.

2. The quasitriangular Hopf algebra Uq (H1, H2, X~)

The algebraUq(Hi, H2, X~)is introducedby the following

Definition 1. Uq (H,,H2, X~)is theHopfalgebrageneratedby theoperators{H,,
H7, X±}, andrelations

[H, , H2 ] =0

[H,,X±]=±2Xit, [H2,X~]=R2X~,

(2)
q— q —

wheretheoperatorsK,, K2 aredefinedin termsof H,, I~2as

K, = qHl/

2 , K
2 = ei~~

2)hJ2qhI2/’2, (3)

andq is anarbitraryparameter.The comultiplicationrelationsaregivenby

AH
1=H,®1i+~l®H1, 1=1,2,

z1X~=X~®K,+K~’®X~,

(4)

andthe antipodeSandcounit� areas follows:
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S(H~)=—H,, S(X~)=—qKj’K7X~, S(X)=qK,K~’X,

ThealgebramentionedabovehasbeenconstructedusingtheFRT approachto
obtainbialgebras,orHopfalgebrasif possible,from matrix solutionsof theQYBE
[2]. Morespecifically,the setof relations(2) areR2,L,~L~=L2~Lj~R2,and
R,,Lj’L~=L~LtR2,,whereL,~andL~ denotethe operatorsL,~=L~®~l,
L~=‘fl®L ±andL ~, L — arethelower anduppertriangularmatriceswith ansatz

L~—~ K, 0 ~ L_(K~ —(q—q’)X
(q—q’)X~ Kr’)’ ~ 0 K2

The matrix R21 is defined as PRF, with P is the permutation operator
P(a®b)=b®a,which in this casehastheform

1000
0010
0 1 0 0
0001

andR is the AC solutionshownin (1).The coalgebrastructure(4) comesfrom
the relationAL ~ = >.k L ~. ØL ~, whereL ~ arethe matrix elementsof L ~ The
formulae(X ±) 2 = 0exhibitedin (2) arehighly suggestiveof asuper-algebrawith
X±oddandK,, K2 evenoperators.However, Uq(Hi, H2, X±)is not a super-
quantumgroup.The reasonis simple.To extendthe comultiplicationA to prod-
uctsof generatorswemustusethebosonicmanipulation(a®b) (c®d) =ac®bd
with respectto which the mapA: U—~U® U is an algebrahomomorphism.If U
werea super-quantumgroupthisrelationshouldbereplacedby

(a®b)(c®d) = (— 1 ~

which is inconsistentwith the relationsin the algebraU. In otherwords,Uq(Hi,
H2, X~)remindsusof asuper-quantumgroupbut it is anordinarybosonicone.
We addressthis problem in the next section.

Let uspresentnow the quasitriangularstructurefor thisHopf algebraUq (H,,
H2, X~). We recallthatanyHopfalgebraUiscalledquasitriangularif thereis an
invertible element~ in U® U thatobeysthe axioms[1]

(5)

for all ain Uand

(A®id)~~9=~,3d~23,(id®A)~=i3~,3d.~,2. (6)

HereA’ isdefinedas ~A, wherer(x®y)i-~y®x andtheobject ~ isknownasthe
“universal R-matrix”. Equations(6) areevaluatedin U®

3 andif we write i~?as
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the formal sum ~ = ,a®b,, the operators~, 2~ ~ and ~23 aredefinedby the
expressions

~12 >J.a1®b~®~, ~3 >~a,®~fl®b1, ~23 >l®a1®b~.

The physical importanceof ~ is that it satisfiesthe quantumYang—Baxter
equation

~12 ~I3 ~23 = ‘~23~l3 ~

abstractlyin thealgebraU. Now we find sucha quasitriangularstructure.

Theorem 2. The Hopf algebra Uq(Hi, H2, X~)is quasitriangularwith universal
R-matrix

~ (1 —q
2)E®F) , (7)

where E and Fdenote the operators K
2X+ andK~‘ X, respectively.

Proof It is sufficient to showthat this ~ verifies Drinfeld’s axioms (5) and
(6).

This quasitriangularstructureis crucial for numerousapplications.In particu-
lar, the quantityu= ,S(b,) a1 which implementsthe squareof the antipodein
the form uau—, = S

2(a) for all elementsa of the quantumgroup is of special
interestin thegeneraltheory.In thiscaseu in Uq(Hi, I~2,X~)is givenby

~ (1 —q2)K~’K~1FE).

Anothermotivation to evaluatethe elements~ andu is that theyareusefulin
providinglink invariants.

We finish thissectionby referringto thecanonicalrepresentationof Uq (H,, H
2,

X~)definedby

(2 0\ (o o\
p(H,)=~0 o)’ p(H2)=~0 2)’

p(X±)=(~ ~), p(X)=(? ~). (8)

In thiscanonicalrepresentationp we recoverp®p( ~)=R, the AC solution (1)
of theintroduction.Thisresultisto beexpectedfrom thegeneraltheoryof matrix
quantumgroups[3, sec.3] andalsoservesas acheckon ouruniversalR-matrix
(7).
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3. Superizationof Uq (H1, H2,X9

We havealreadypointedthat the relations(X~)2 = 0 aresurelyindicativeof
somekind of super-Hopfalgebrastructure.Yet Uq(HI, H2, X~)is an ordinary
Hopfalgebraandthereforenot a superoneatall. We givenowsomeinsight into
thispuzzleby meansof thetransmutationtheoryof ref. [7]. Thisreferencecon-
tainstheoremswhichshowhow,undersuitablecircumstances,wecantransform
Hopfalgebrasinto super-Hopfalgebrasandvice versa.The purposeof this sec-
tion is to prove,usingoneof thesetheorems,thatthe superizationof a quotient
of Uq(H1,H2, X~)coincideswith thesuper-quantumgroup Uqgl (11 1).We begin
by introducingthe conceptof superizationof an ordinaryHopfalgebra.If H is
anyHopfalgebracontainingagroup-likeelementgsuchthatg

2= 1, wecandefine
its superizationasthesuper-Hopfalgebra.9with the following properties.As an
algebra.9 coincideswith Handthe counit alsocoincides.As far asthe comulti-
plication, antipodeandquasitriangularstructure(if any)ofHareconcerned,all
aremodifiedto the superonesgivenby

Ah= ~,~~g_des(Yk)®y~, ~(h)=g~’°S(h),
k

~

Hereh denotesan arbitraryelementof H with comultiplicationAh= ~k Xk®Yk,

~~=La•®b, is the universal R-matrix of H and the element ~ is
~=iJ~’ =l®’fl—2p®p, with p=(11—g)/2.Whenhis consideredas an element
of.9its gradingdeg( h) isgivenby the actionofg on h in the adjoint representa-
tion, that isto say,by ghg ‘=deg(h) h on homogeneouselements.

In orderto apply the abovesuperizationtheoremto Uq(H,, H

2, X~) we first
notethat in this algebrathe role of g canbeplayedby the operatorehlnhf2/’

2 intro-
ducedin (3).Thiselementg=e1~r~~2/’2hasthepropertythatg2 is centralandgroup-
like. Henceit is naturalto imposetherelationg2= II in theabstractalgebra.More-
over,weknowthatp(g2) = 11 in the representation(8), SO this furtherrelationis
consistentwith the canonicalrepresentation.Note thatg itself commuteswith
K,, K

2 andanticommuteswith X ~ We have

Proposition3. Let g= e1~~~~2/

2.Thesuperizationofthe Hopf algebra Uq(H,, H
2,

X~)/g
2—1 is the super-Hopfalgebra Uqgl(l I 1 )/e2’~—1.HereUqgl(l I 1) is de-

finedbygeneratorsC, Nevenand~,~+ oddwith relations

[N,~]=—~, [N,]=,~,

~ qCqc

~2o (~±)2Ø (9)
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and the operator C central.Thesupercomultiplicationis givenby

AC=C®11+1®C, AN=N®1+11®N,

~ ~~+=p~+®qN+qc+N®~j+. (10)

This U4g1(111)has a super-quasitriangular structure given by the expression

(11)

Proof The proofof this propositionfollows from a straightforwardapplication
of the abovesuperizationconstructionappliedto thequotient.Accordingto this
the emergingsuper-Hopfalgebrais generatedby H,, H2 evenandX ±oddoper-
atorswith relations(2) unchanged,supercomultiplicationgivenby

AH,=H,®~+1®H,, i=1,2,

AX~=X~®K,+K~’g®X~,

AX=X-®K2+Kj’g®X,

andsuperantipodeandsupercounitas follows:

~(H~)= —H1, ~(X~)= —qKj’K7gX~, ~(X)=qK,K~1gX,

In theseexpressionsthe K1 aredefinedas in (3). It is not difficult to recognize
theresultingsuper-quantumgroupas Uqgl (111) if weredefinethegeneratorsH,,
H2, X~as C, N, i~,,i + accordingto

C=(H,+H2)/2, N=H2/2, ~ ~=Xg

(sothatq~’=K,K2gandqNK2g).Note thatadirectconsequenceof this defi-
nition is that C is centralas stated.Introducingthesedefinitions in the above
relationswe obtain (9), (10) and (11) without difficulty. Let usstressthat the
supercomultiplication(10) is analgebrahomomorphismconsistentwith there-
lations (9), providedweusesupermanipulation.

The super-quantumgroup Uq (H,, H2, X±)hasalreadybeenconnectedwith
the Alexander—Conwaypolynomial in aphysicalstatein ref. [8], so the impor-
tanceofthispropositionlies in thefact that it solvespreciselythe suspectedcon-
nectionbetweenUq(Hi, I~I2,X~)andUqgl(l Ii).

We concludethis sectionby mentioningthat the previoussuperizationtheo-
remis not the only existingmethodof turningquantumgroupsinto super-quan-
tumgroups.This Uqgl (ii 1) canalsobeobtainedby thegradedFRTconstruction
associatedto the gradedvariantof the solution (1) [91.Thisconfirms thatthe
superizationof Uq(H,, H2, X~)shownhereis fully compatiblewith existingideas
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of transformingsolutionsof the QYBE into solutionsof the gradedQYBE and
finding their correspondingquantumgroups.
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